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mHD�TBIM� tKMGJIVMB[� GHBEBGJDEIZJIG� Vt� YCMBTIG� ZKEtBGDZ� IZ� EDiK�

[BJDY�MBJKED�Vt�t[VU�Vt�JHD�TDYIKT"�FJ�YDZIiMIMi�YCMBTIG�ZKEtBGDZ�BED�

ITcVEJBMJ�[IMDZ�UHIGH�GVMMDGJ�ZKEtBGDZ�iDVTDJEC�UIJH�JHD�cHCZIGB[�ZIYD�

Vt�IJZ�tKMGJIVMB[�cKEcVZD"�gVZJ�VtJDM�IJ�IZ�MDGDZZBEC�JV�DMZKED�JHD�ZDGVMY�

VEYDE�Vt�JHD�ZTVVJHMDZZ�BMY�EDiK[BE�GHBMiD�Vt�GKEhBJKED�B[VMi�JHD�GVM�

JVKEZ�Vt�UHIGH�BED�D[DTDMJZ�Vt�JHD�ZKEtBGDZ�GBEGBZZ"��M�JHIZ�GBZD�IJ�IZ�BY�

hIZB^[D� JV�TVYD[IMi� JHD�GKEhD� [VGB[[C� IM�BEDBZ�UHIGH�BED� [ITIJDY� JV� JHD�

IMIJIB[�cVIMJZ"�mHD�EDZK[JIMi�BEDBZ�Vt�TVMVJVMVKZ�GKEhDZ�GVMMDGJIMi�JV�

iDJHDE�UIJH�JHD�VEYDE�Vt�ZTVVJHMDZZ�BED�MVJ� [VUDE�JHBM�JHD�ZDGVMY"� �M�

VEYDE� JV�DMZKED�B�iIhDM�MBJKED�Vt� JHD�GHBMiD�GKEhBJKED�B[VMi�JHD�GVM�

JVKE�IJ�IZ�MDGDZZBEC�JV�BZZIiM�cVZIJIVM�Vt�JHD�JBMiDMJ�IM�JHD�IMIJIB[�cVIMJZ�

BJ�UHIGH�JHD�cEV^[DT�Vt�TVYD[IMi�JHD�GKEhD�UIJH�B�TVMVJVMVKZ�GKEhB�

JKED�GHBMiD�HBZ�B�ZV[KJIVM"�

5HEMNWGW�@|�?vC�FPCUG@}W�PCWCEPAvCW�

mHD� TDJHVY� Vt� YDJDETIMIMi� JHD� cVZZI^I[IJC� Vt� TVYD[IMi� Vt� JHD�

GKEhD�UIJH�TVMVJVMVKZ�GHBMiD�Vt�GKEhBJKED�^BZDY�VM�B�iIhDM�cVIMJZ�ZDJ�

IZ�YDhD[VcDY�IM�JHD�UVEW�N�O"��DGDZZBEC�GVMYIJIVM�IZ�JHD�[VGBJIVM�Vt�JHD�

IMIJIB[� cVIMJZ� ZKGH� JHBJ� JHD� EBYIKZDZ� Vt� JHD� GIEG[DZ� UHIGH� YDtIMD� JHEDD�

ZKGGDZZIhD�cVIMJZ)�GHBMiD�TVMVJVMIGB[[C�B[VMi�JHD�EVU"�

gDJHVYZ�tVE�tVETBJIVM�Vt�GKEhDZ�ZDiTDMJ�B[VMi�UHIGH�JHD�GKEhB�

JKED�GHBMiDZ�TVMVJVMIGB[[C�cEVcVZDY�IM�JHD�UVEWZ�N�)��O"�mHD�GVMYIJIVMZ�
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Vt�TVYD[IMi�ZDiTDMJ�Vt�GKEhD�BED�EDiK[BE�GHBMiD�Vt�GKEhBJKED)�iIhDM�cV�

ZIJIVMZ�Vt�JBMiDMJZ�BMY�EBYIKZDZ�Vt�GKEhBJKED�IM�JHD�cVIMJZ�UHIGH�[ITIJ�

JHD�ZDiTDMJ"�mHD�TDJHVY�Vt�YDJDETIMIMi�Vt�cVZZI^[D�[VGBJIVMZ�EBMiDZ�Vt�

JHD� JHIGWDMDY�cVIMJ� VM� JHD� ZDiTDMJ� Vt� JHD�TVMVJVMVKZ� GKEhD� IZ� YDhD[�

VcDY�IM�JHD�BEJIG[D�N�O"�LEDhIVKZ[C�YDJDETIMDY�JHD�cVZIJIVM�Vt�JHD�MVETB[�

BMY�JHD�GDMJDE�Vt�GKEhBJKED�UHIGH�GVEEDZcVMY�JV�JHD�cVIMJ�Vt�JHIGWDMIMi"�

mHD� TDJHVY� Vt� YDJDETIMIMi� Vt� JHIGWDMIMi� cVIMJ� Vt� JHD� TVMVJV�

MVKZ�e�j�VM�JHD�iIhDM�cVZIJIVMZ�Vt�JBMiDMJZ�BMY�EBYIKZDZ�Vt�GKEhBJKED�

BJ� JHD� IMIJIB[�cVIMJZ� IZ�cEVcVZDY� IM�JHD�BEJIG[D� N�O"�FJ�tVETBJIVM�Vt�JHD�

GKEhDZ� ZDiTDMJ� JHD� cVIMJ� Vt� JHIGWDMIMi� BMY� JHD� JBMiDMJ)�UHIGH� cBZZDZ�

JHEVKiH�IJ)�BED�YDtIMDY�UIJHIM�JHD�^BZIG�JEIBMi[D"�mHD�^BZIG�JEIBMi[D�[IT�

IJDY�JV�JBMiDMJZ�JHBJ�cBZZ�JHEVKiH�JUV�GVMZDGKJIhD�cVIMJZ�BMY�JHD�GHVEY�

JHBJ�GVMMDGJZ�JHDZD�cVIMJZ"�mHD�TDJHVY)�UHIGH�TBYD�cVZZI^[D�KZIMi�cB�

EBTDJDEZ�Vt�JHD�^BZIG�JEIBMi[DZ�tVE�IYDMJItC�JHD�EBMiDZ�Vt�GKEhBJKED�hB[�

KDZ�Vt�JHD�TVMVJVMVKZ�GKEhD)� IZ�YDhD[VcDY�IM�JHD�UVEW�N	O"��M�VEYDE�JV�

KZIMi�JHDZD�TDJHVYZ�JV�TVYD[IMi�B�GVMJVKE�Vt�JHD�cVIMJZ�IJ�IZ�MDGDZZBEC�

JV�BZZIiM�ZKGH�GHBEBGJDEIZJIGZ�IM�JHD�IMIJIB[�cVIMJZ��cVZIJIVMZ�Vt�MVETB[Z)�

JBMiDMJZ)�cVZIJIVMZ�Vt�JHD�GDMJDEZ�Vt�GKEhBJKED)�hB[KDZ�Vt�JHD�EBYIKZDZ�Vt�

GKEhBJKED�)�IM�UHIGH�JHD�JBZW�Vt�tVETIMi�Vt�ZDiTDMJZ�GKEhDZ�UIJH�B�TV�

MVJVMVKZ�GHBMiD�Vt�GKEhBJKED�BMY�GVMMDGJIMi�Vt�JHDZD�ZDiTDMJZ�UIJH�JHD�

ZDGVMY�VEYDE�ZTVVJHMDZZ�HBZ�B�ZV[KJIVM"�

:vC�|@PD}ME?G@H�@|�F}PF@WC�@|�?vC�EP?GAMC�>?EWR�W?E?CDCH?J�

mHD�cKEcVZD�Vt�JHD�BEJIG[D�IZ�JV�YDhD[Vc�B�TDJHVY�tVE�YDJDETIMIMi�

Vt� JHD� EBMiD� cVZIJIVMZ� JBMiDMJZ� BMY� hB[KDZ� Vt� GKEhBJKED� IM� JHD� IMIJIB[�

cVIMJZ�Vt�JHD�TVMVJVMVKZ�e�j�BMY�YDJDETIMIMi�Vt�[VGBJIVM�BEDB�Vt�GVM�

JVKEZ�JHBJ�TDDJZ�JHD�B^VhD�ZcDGItIGBJIVMZ"�

uEWGA�FEP?�

�KccVZD� JHBJ� TVMVJVMVKZ� GKEhD� IZ� TVYD[DY� ^C� JHD� TDJHVY� Vt�

JHIGWDMIMi"�ADJ� GVMZIYDE� JHD� ZDiTDMJ� ( )1i...i + "� �M� JHD� IMIJIB[�cVIMJZ� BED�

iIhDM� cVZIJIVMZ� Vt� JBMiDMJZ� it )� 1it + � BMY� MVETB[Z� in )� 1in + � EDZcDGJIhD[C�

�I[["���"�

eDJDETIMD�JHD�GVMYIJIVMZ�VM�JHD�[VGBJIVM�Vt� it )� 1it + �BMY� in )� 1in + )�

UHDM�IJ�IZ�cVZZI^[D�JV�cEVhIYD�B�TVMVJVMVKZ�IMGEDBZD�Vt�JHD�EBYIKZDZ�Vt�

GKEhBJKED�BJ�JHD�ZDiTDMJ� ( )1i...i + "�
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ADJ�YDMVJD�JHD�GDMJDEZ�Vt�GKEhBJKED�IM�JHD�cVIMJZ� i �BMY� 1i + �BZ� iC �

BMY� 1iC + �EDZcDGJIhD[C)�BMY�JHD�cVIMJ�Vt�IMJDEZDGJIVM�Vt�MVETB[Z�BZ� L "�mHD�

JEIBMi[D� 1ii C;L;C + � UI[[� ^D� GB[[DY� B� JEIBMi[D� Vt� JHD� GDMJDEZ� Vt� GKEhB�

JKED�N�O"�

mHD�EBYIKZDZ�Vt�GKEhBJKED�Vt�JHD�e�j�IM�JHD�cVIMJZ� i �BMY� 1i + �BED�

EDZcDGJIhD[CQ�

� i;CR ii = )������ 1i;CR 1i1i += ++ "�

�t�B[VMi�B�GKEhD�VM�B�ZDiTDMJ� ( )1i...i + �EBYIKZDZ�Vt�GKEhBJKED�BED�

TVMVJVMIGB[[C� IMGEDBZIMi)� JHD�DhV[KJD�Vt� JHD� GKEhD� ( )1ii C...C + � IZ� GVMhDb�

GKEhD�UHIGH�IZ�JBMiDMJ�JV� in �BMY� 1in + �IM�JHD�cVIMJZ� iC �BMY� 1iC + �EDZcDG�

JIhD[C�N�O"�

FJ�JHD�ZBTD�JITD�JHD� [DMiJH�Vt�JHD�DhV[KJD� � R∆ �� IZ�D�KB[�JV�JHD�

YIttDEDMGD�^DJUDDM�JHD�EBYIKZ�Vt�JHD�GKEhBJKED�BJ�JHD�IMIJIB[�cVIMJZQ�

� ii RRR −=∆ +1 "� �
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mHKZ�DhV[KJD� [VGBJDY� IMZIYD�JHD� JEIBMi[D� 1ii C;L;C + �BMY� JHD�hB[KD�

Vt�IJZ�[DMiJH�ZBJIZtIDZ�JHD�tV[[VUIMi�GVMYIJIVMZQ�

� 1ii C;CR +>∆ �� ����

� 1ii C;LL;CR ++<∆ )� ����

1ii C;C + )� L;Ci )� 1iC;L + �7�BED�ZIYDZ�[DMiJHZ�Vt�JHD�JEIBMi[D�Vt�JHD�

GDMJDEZ�Vt�GKEhBJKED� 1ii C;L;C + "�

mHD�GVMYIJIVM�����GBM�^D�UEIJJDM�BZ�

� 1iii1i C;LL;Ci;C1i;C ++ +<−+ )�

� VE� 1i;LL;i +> "� �	��

]IJH� ZKGH� BM� BEEBMiDTDMJ� Vt� MVETB[Z� JHD� JBMiDMJZ� it )� 1it + � BMY�

GHVEY� [ ]1i;i + �YDJDETIMDZ�JHD�^BZIG�JEIBMi[D� 1i;T;i + �UIJH�BM�BZcDGJ�EBJIV�

JHBJ�ZBJIZtIDZ�JHD�GVMYIJIVMQ�

� 1i;TT;i +< "� ����

AVGBJIVM� Vt� MVETB[Z� BMY� JBMiDMJZ� IM� UHIGH� JHD� tV[[VUIMi� ED�

�KIEDTDMJZ��	��BMY����)�EDZcDGJIhD[C)�BED�DZZDMJIB[�tVE�JHD�tVETBJIVM�Vt�B�

GKEhD�UIJH�B�TVMVJVMVKZ�IMGEDBZD�Vt�GKEhBJKED�VM�JHD�ZDiTDMJ� ( )1i...i + "�

jVMYIJIVMZ��	��BMY�����TBC�^D�KZDY�BZ�B�GEIJDEIVM�tVE�YDJDETIMIMi�JHD�cV�

ZIJIVM� Vt� JHD� JBMiDMJZ� �MVETB[Z�� IM� JHD� IMIJIB[� cVIMJZ� BGGVEYIMi� JV� JHD�

GVMYIJIVMZ�Vt�JHD�cEV^[DT"�

�M�TVYD[IMi�Vt�JHD�e�j�B[VMi�JHD�cVIMJZ�cVZIJIVMZ�Vt�JHD�JBMiDMJZ�

IM� IMIJIB[�cVIMJZ�TKZJ�^D�BZZIiMDY� IM�ZKGH�B�UBC�JHBJ�JHD�GVMYIJIVM� ����

HV[YZ�tVE�B[[�ZDiTDMJZ�Vt�JHD�GKEhD"�ADJZ�YDtIMD�JHD�EBMiD�Vt�cVZIJIVMZ�Vt�

JHD�JBMiDMJ� it "�

mV�YV�JHIZ�JHD�BMB[CZIZ�cHBZD�Vt�JHD�IMIJIB[�cVIMJZ�DhDEC�JHEDD�GVM�

ZDGKJIhD� cVIMJZ� IZ� HD[Y� GIEG[DZ"� k^JBIMDY� GIEG[DZ� IZ� GB[[DY� BZ� GVMJIiKVKZ�

GIEG[DZ"��KccVZD�JHBJ�JHEVKiH�JHD�cVIMJ� i �BED�cBZZIMi�GIEG[DZ� 1i�K − )� i�K �

BMY� 1i�K + "��M�VEYDE�JV�TVYD[IMi�JHD�e�j�UIJH�B�TVMVJVMVKZ�GHBMiD�Vt�

GKEhBJKED)� JHD� EBMiD� Vt� cVZZI^[D� [VGBJIVMZ� Vt� JHD� JBMiDMJ� IZ� JHD� BMi[D�

JHBJ�IZ�[ITIJDY�^C�JHD�JBMiDMJZ�Vt�JHD�EDZcDGJIhD�GVMJIiKVKZ�GIEG[DZ"�kMD�

^VKMYBEC�IZ�JBMiDMJ�JV�JHD�GIEG[D� i�K �� i�Kt ���BMY�JHD�ZDGVMY���B�JBMiDMJ�

JHBJ�IZ�G[VZDE�JV� i�Kt Q�JBMiDMJ�JV�GIEG[D� 1i�K − �VE�JV�GIEG[D� 1i�K + �N�O"�

FtJDE� YDJDETIMIMi� JHD� EBMiDZ� Vt� JHD� JBMiDMJZ� cVZIJIVMZ� BJ� B[[�

cVIMJZ� JHD� TIMITB[� Vt� JHDT� IZ� GHVZDM"� LVZIJIVM� Vt� JHD� JBMiDMJ� JV� JHD�

e�j�BJ�B�cVIMJ�UHIGH�GVEEDZcVMYZ�JV�JHD�TIMITKT�EBMiD��tVE�DbBTc[D)�



� ����������	�
��������������������� �

�������������������

it �� IZ�BZZIiMDY� JV� JHD�GDMJDE�Vt� JHD�EBMiD"�LVZIJIVMZ�Vt� JHD� JBMiDMJZ� IM�

JHD�cEDhIVKZ�BMY�MDbJ�cVIMJ�� 1it − )� 1it + ��IZ�YDJDETIMDY�^C�JBWIMi�IMJV�BG�

GVKMJ�JHD�cVZIJIVM�Vt�JHD�JBMiDMJ� it "�

mHD�EBMiD�Vt�cVZIJIVM�Vt�JBMiDMJ� 1it + �IZ�[ITIJDY�^C�JHD�JBMiDMJ�JV�

JHD� GIEG[D� 1i�K + � BMY� [IMD� ( )1i;A + "� AIMD� ( )1i;A + � YDtIMDY� ^C� cBZZDZ�

JHEVKiH�JHD�cVIMJ� A �UHIGH�^D[VMiZ�JV�JHD�JBMiDMJ� it �ZV�JHBJ�JHD�JEIBMi[D�

1i;A;i + �IZ�IZVZGD[DZ��I[["���"��BMiDZ�Vt�cVZIJIVMZ�Vt�JBMiDMJZ�tEVT� 1it − �JV�

1t �BMY�tEVT� 1it + �JV� nt �BED�YDtIMIMi�ZITI[BE[C"�

�
�[[KZJEBJIVM���

�

�M�JHD�EDZK[J�IZ�B�ZD�KDMGD�Vt�^BZIG�JEIBMi[DZ)�UHIGH�B[[VUZ�TVYD[�

IMi� Vt� GVMJVKE� UIJH� B� TVMVJVMVKZ� GHBMiD� Vt� GKEhBJKED� B[VMi� JHD� B[[�

cVIMJZ"�

_BZIG�JEIBMi[DZ�YDtIMD�EBMiDZ�Vt�JHD�EBYIKZDZ�Vt�GKEhBJKED�IM�JHD�

IMIJIB[�cVIMJZ)�UHIGH�GBM�^D�cEVhIYDY�tVE�TVYD[IMi�B�TVMVJVMVKZ�GKEhD�

N	O"��M�VEYDE�JV�^D�B^[D�JV�TVYD[IMi�JHD�e�j�UIJH�TVMVJVMVKZ�GHBMiD�Vt�

GKEhBJKED�B[VMi�JHD�B[[�cVIMJ)� IJ� IZ�MDGDZZBEC�JHBJ�JHD�EBMiDZ�Vt�GKEhB�

JKED�UHIGH�YDJDETIMDY�^C�cEDhIVKZ� BMY�MDbJ�^BZIG� JEIBMi[D�UDED� IMJDE�

ZDGJDY"� �t� JHDZD�EBMiDZ�YV�MVJ� IMJDEZDGJ)� IJ� IZ�MDGDZZBEC� JV�TBWD�BM�BY�

�KZJTDMJ�Vt�JHD�cVZIJIVMZ�Vt�JBMiDMJZ�IM�JHD�IMIJIB[�cVIMJZ"�

FY�KZJIMi�Vt�JHD�JBMiDMJ�IZ�cDEtVETDY�KZIMi�IJZ�EVJBJIVM�BEVKMY�

JHD�GVEEDZcVMYIMi�cVIMJ�Vt�IMIJIB[�e�j"�mHD�EBMiD�Vt�EBYIKZDZ�Vt�GKEhB�

JKED�BJ�JHD�EDZcDGJIhD�cVIMJ�IMGEDBZDZ�UHDM�JKEMDY�G[VGWUIZD"�F�^VKMY�

BEC�IZ�B�cVZIJIVM�Vt�JHD�JBMiDMJ�BJ�UHIGH�VMD�Vt�JHD�^BZIG�JEIBMi[DZ)�JHD�

ZIYDZ�Vt�UHIGH�YDJDETIMDZ�JHD�JBMiDMJ�IZ�IZVZGD[DZ"�

�DGDZZBEC�GVMYIJIVM�tVE�DMZKEIMi�GEVZZIMi�JHD�EBMiDZ�Vt�JHD�EBYI�

KZDZ�Vt�GKEhBJKED�BJ�JHD�cVIMJ�IZ�JHD�[VGBJIVM�Vt�JHD�IMIJIB[�cVIMJZ�BGGVEY�

IMi�JV�JHD�GVMYIJIVMZ�ZDJ�VKJ�IM�N�O"�
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mHD�tV[[VUIMi�EDZK[JZ�UDED�V^JBIMDY�IM�JHIZ�UVEWQ�

�� JHD� GVMYIJIVM� Vt� JHD� [VGBJIVM� Vt� JHD� JBMiDMJZ� �MVETB[Z�� BJ� JHD�

cVIMJZ�JHBJ�[ITIJ�JHD�ZDiTDMJ�Vt�TVMVJVMVKZ�GKEhD�IZ�YDtIMDY"�mHD�GEIJD�

EIVM�IZ�EBJIV�Vt�ZIYDZ�Vt�^BZIG�JEIBMi[DZ�VE�JHD�[VGBJIVM�Vt�JHD�cVIMJ�Vt�IM�

JDEZDGJIVM�Vt�MVETB[Z�IM�IMIJIB[�cVIMJZ��

��JHD�TDJHVY�Vt�BZZIiMIMi�Vt�JHD�cVZIJIVMZ�Vt�JBMiDMJZ��MVETB[Z��

BJ�JHD�cVIMJZ�Vt�GKEhD�IM�UHIGH�JHD�cEV^[DT�Vt�TVYD[IMi�B�GVMJVKE�UIJH�

B�TVMVJVMVKZ�GHBMiD�Vt�GKEhBJKED�HBZ�B�ZV[KJIVM�B[VMi�JHD�B[[�cVIMJZ�IZ�

ZKiiDZJDY�IM�JHIZ�BEJIG[D"�

mHD� EDZK[JZ� V^JBIMDY� B[[VU� JV� TVYD[� e�j� B[VMi� JHD� cVIMJZ� ZDJ�

UHIGH�IZ�GVTcVZDY�Vt�BMC�MKT^DE�Vt�cVIMJZ"�
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