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ÐÎÇÅÍÁÐÎÊÀ 

��������	. 
 ����� ��������� ������ ����� ���������, �������-
���� ������ ����������� ����������� ����. �������� �� �������-
��� ��������� ����� (� !"��� ��!������� ���!"���� � [1]). #� ����-
� �������� ������� �!����$ �������������� ���!"�� ����� ��"��-
�� ������ ������� �����. %����� ������ � �������������� ����������-
��	 ����� � �����"��� !�����	�. 

&�'"�� �����: ����� ���������, ��������� �����, ������-
���!����� �!�����. 

ÂÂÅÄÅÍÈÅ 

Ìåòîä Ðîçåíáðîêà [2] ÿâëÿåòñÿ ìåòîäîì ìíîãîìåðíîé ëîêàëüíîé 

îïòèìèçàöèè, êîòîðûé îáúåäèíÿåò â ñåáå ïðåèìóùåñòâà ãðàäèåíòíîãî 

è ïîêîîðäèíàòíîãî ñïóñêà [7]. Îí áûë îïóáëèêîâàí Ðîçåíáðîêîì â 

70õ ãîäàõ. Â ðàáîòå ïðîèçâåä¸í àíàëèç ìåòîäà, ñðàâíèòåëüíî ìåòîäîâ 

îïòèìèçàöèè ãðàäèåíòíîãî âèäà. Ïðåäëîæåíû äâå ýôôåêòèâíûõ ðåà-

ëèçàöèè ìåòîäà (ñ ó÷åòîì ðåçóëüòàòîâ ïîëó÷åííûõ â [1]). Íà ïðèìåðå 

èçâåñòíûõ òåñòîâûõ ôóíêöèé ýêñïåðèìåíòàëüíî ïîëó÷åíû îöåíêè êà-

÷åñòâà ðàáîòû äàííîãî ìåòîäà. Ñäåëàíû âûâîäû î öåëåñîîáðàçíîñòè 

èñïîëüçîâàíèÿ ìåòîäà â ðàçëè÷íûõ óñëîâèÿõ. 

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×È 

Ïóñòü öåëåâàÿ ôóíêöèÿ èìååò âèä:  

 RRxF n �:)(
�

, (1) 

à çàäà÷à îïòèìèçàöèè çàäàíà ñëåäóþùèì îáðàçîì:  

 min)(
nRx

xF
�

�
�

�
. (2) 

Ñóùåñòâóåò ìíîãî ìåòîäîâ ðåøåíèÿ çàäà÷è (2) [3-5, 7]. Â äàííîé 

ðàáîòå âûïîëíåí àíàëèç ìåòîäà Ðîçåíáðîêà, ñðàâíèòåëüíî ãðàäèåíò-

íûõ ìåòîäîâ [5], ò. å. ðàññìîòðåí ñëó÷àé äèôôåðåíöèðóåìîñòè ôóíê-

öèè (1). 

ÀËÃÎÐÈÒÌ ÐÎÇÅÍÁÐÎÊÀ 

Ôóíêöèîíèðîâàíèå àëãîðèòìà î÷åíü ïîõîæå íà ðåàëèçàöèþ ìå-

òîäà ïîêîîðäèíàòíîãî ñïóñêà. Íà ïåðâîé èòåðàöèè ïðîèçâîäèòñÿ ïî-
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èñê íóëåâîãî ïîðÿäêà (ïî ñóòè ïîêîîðäèíàòíûé ñïóñê) â íàïðàâëåíèè 

áàçèñíûõ âåêòîðîâ n-ìåðíîãî ïðîñòðàíñòâà. Ãëàâíîå îòëè÷èå îò ìåòî-

äà ïîêîîðäèíàòíîãî ñïóñêà çàêëþ÷àåòñÿ â òîì, ÷òî âðåìÿ îò âðåìåíè 

(îäèí ðàç íà îïðåäåëåííîå êîëè÷åñòâî èòåðàöèé/íåóäà÷íûõ èòåðàöèé) 

ñèñòåìà áàçèñíûõ âåêòîðîâ ïîâîðà÷èâàåòñÿ òàê, ÷òî ïåðâûé âåêòîð 

íàïðàâëåí âäîëü ãðàäèåíòà. Äàëåå ïðîöåññ ïîâòîðÿåòñÿ óæå äëÿ íîâîé 

ñèñòåìû áàçèñíûõ âåêòîðîâ. Ñîçäàíèå íîâîé (ïîâåðíóòîé) áàçèñíîé 

ñèñòåìû âåêòîðîâ, îáû÷íî, âûïîëíÿåòñÿ ïðîöåäóðîé îðòîãîíàëèçàöèè 

Ãðàììà-Øìèäòà [8]. 

ÐÅÀËÈÇÀÖÈÈ ÀËÃÎÐÈÒÌÀ 

Â äàííîé ðàáîòå ðàññìîòðåíû äâå ðåàëèçàöèè ìåòîäà: ñ äåëåíèåì 

øàãà è «äåëåíèåì è óìíîæåíèåì» (ïîäðîáíåå â [1]). Àëãîðèòì íàèñ-

êîðåéøåãî ñïóñêà ðåàëèçîâàí íå áûë, òàê êàê â ýòîì ñëó÷àå äëÿ êàæ-

äîé ôèêñèðîâàííîé áàçèñíîé ñèñòåìû âåêòîðîâ, ïðîèçâîäèòñÿ ñëèø-

êîì ìíîãî âûçîâîâ ôóíêöèè, è òåðÿåòñÿ ïðåèìóùåñòâî, ïîëó÷åííîå 

çà ñ÷åò ïîâîðîòà áàçèñíîé ñèñòåìû. Ïîâîðîò áàçèñíîé ñèñòåìû âåêòî-

ðîâ ïðîèçâîäèòñÿ îäèí ðàç äëÿ òðåõ íåóäà÷íûõ ïðîõîäîâ. 

Â îáåèõ ðåàëèçàöèÿõ ìåòîäà áûë èñïîëüçîâàí îäèíàêîâûé ðàçìåð 

øàãà äëÿ âçÿòèÿ ïðîèçâîäíîé: const cfloat h = 1E-6. Òàêæå îáùåé ÿâ-

ëÿþòñÿ ôóíêöèè âçÿòèÿ ãðàäèåíòà (ãðàäèåíò ñ÷èòàåòñÿ ÷åðåç öåíòðà-

ëüíûå ïðîèçâîäíûå) è îðòîãîíàëèçàöèÿ ìåòîäîì Ãðàììà-Øìèäòà:  
vect Grad(vect x){ 

    vect df; 
    for(int i = 0; i < DIM; i++){ 
        x[i] += h; 
        cfloat f1 = F(x); 
        x[i] -= 2*h; 
        cfloat f2 = F(x); 
        x[i] += h; 
        df[i] = (f1 - f2)/(2*h); 
    } 
    return df; 
} 
 
void Gram_Schmidt(vect v[]){ 
    for(int j = 0; j < DIM; ){ 
        for(int i = 0; i < j; i++) 
            v[j] = v[j] - (v[j]*v[i])*v[i];// 
||vi|| = 1 
        if( v[j].Norm() > EPS ) 
            v[j++].Normalize(); 
        else 
            swap(v[j],v[DIM]); 
    } 
} 
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Ðàññìîòðèì äâå êîíêðåòíûõ ðåàëèçàöèè ìåòîäà Ðîçåíáðîêà íà 

ÿçûêå ïðîãðàììèðîâàíèÿ Ñ++.  

Äåëåíèå øàãà: 
void RosenbrokDiv(vect &x){ 
    vect base[DIM+1]; 
    for(int i = 0; i < DIM; i++) 
        base[i][i] = 1; 
    long long itc0 = itc; 
    cfloat cur_val = F(x), next_val; 
    //we save current and next values  
    //to use less function calls 
    int it = 0; 
    for(cfloat d = INF ; d > EPS ; it++){ 
    //start with a big step 
    //finish when it's realy small 
        bool changed = false; 
        for(int i = 0; i < DIM; i++){ 
        //for each base vector 
            for(int s = -1 ; s <= 1 ; s+=2){ 
            //for both directions 
                x = x + base[i] * d * s; 
                //try to move 
                next_val = F(x); 
                if( next_val < cur_val ){ 
                //if it's better 
                    changed = true; 
                    cur_val = next_val; 
                    break;//don't try another direction 
                }else 
                    x = x - base[i] * d * s; 
                    //move back 
            } 
        } 
        if( !changed ){ 
        //if we're not able to move with current step 
            //make it smaller 
            if( it % 3 == 0 ){ 
            //if it happened few times already 
                base[DIM] = Grad(x); 
                base[DIM].Normalize(); 
                swap(base[0],base[DIM]); 
                Gram_Schmidt(base); 
                //turn the base vectors 
            } 
        } 
 
    } 
    cout<<"function F was executed "<<itc-itc0<<" 
times"<<endl; 
} 
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Äåëåíèå è óìíîæåíèå øàãà: 
void RosenbrokDivMul(vect &x){ 
    vect base[DIM+1]; 
    for(int i = 0; i < DIM; i++) 
        base[i][i] = 1; 
    long long itc0 = itc; 
    cfloat cur_val = F(x), next_val; 
    //we save current and next values  
    //to use less function calls 
    int it = 0; 
    for(cfloat d = INF ; d > EPS ; it++){ 
    //start with a big step 
    //finish when it's realy small 
        bool changed = false; 
        for(int i = 0; i < DIM; i++){ 
        //for each base vector 
            for(int s = -1 ; s <= 1 ; s+=2){ 
            //for both directions 
                x = x + base[i] * d * s; 
                //try to move 
                next_val = F(x); 
                if( next_val < cur_val ){ 
                //if it's better 
                    changed = true; 
                    cur_val = next_val; 
                    break;//don't try another direction 
                }else 
                    x = x - base[i] * d * s; 
                    //move back 
            } 
        } 
        if( !changed ){ 
        //if we're not able to move with current step 
            d /= 2; 
            //make it smaller 
            if( it % 3 == 0 ){ 
            //if it happened few times already 
                base[DIM] = Grad(x); 
                base[DIM].Normalize(); 
                swap(base[0],base[DIM]); 
                Gram_Schmidt(base); 
                //turn the base vectors 
            } 
        }else 
            d *= 2; 
            //make it bigger 
 
    } 
    cout<<"function F was executed "<<itc-itc0<<" 
times"<<endl; 
}  
Â ðàáîòå ýêñïåðèìåíòàëüíî èññëåäîâàíû «îñîáåííîñòè ïîâåäå-

íèÿ» ðåàëèçîâàííûõ ìåòîäîâ íà ïðèìåðå ôóíêöèé, îïèñàííûõ â [1]. 
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Òåñò 1: ôóíêöèÿ Ðîçåíáðîêà.  

Íà÷àëüíîå ïðèáëèæåíèå 321,123 00 ��� yx , áåñêîíå÷íîñòü — INF 

=1E9, òî÷íîñòü — EPS = 1E-9. 

Êàê âèäíî, ìåòîä Ðîçåíáðîêà ñ äåëåíèåì è óìíîæåíèåì øàãà 

ïðèâåë ê íàìíîãî ëó÷øåìó ðåçóëüòàòó, ÷åì ðåàëèçàöèÿ ñ äåëåíèåì 

øàãà. Ìåòîä ñ äåëåíèåì è óìíîæåíèåì, îáîãíàë âñå ìåòîäû êðîìå 

ãðàäèåíòíîãî ñ äåëåíèåì øàãà è íîðìèðîâêîé ãðàäèåíòà. 

Òåñò 2: ôóíêöèÿ Ðîçåíáðîêà.  

Íà÷àëüíîå ïðèáëèæåíèå 321,123 00 ��� yx , áåñêîíå÷íîñòü — INF 

=1E9, òî÷íîñòü — EPS = 1E-12.  

Òàáëèöà 3 

Ðåçóëüòàòû ïîèñêà ýêñòðåìóìà äëÿ ôóíêöèè Ðîçåíáðîêà  
 

Algorithm |x-x*| |x-x*|/|x*| |F(x)-F(x*)| |F(x)-F(x*)|/|F(x*)| F() calls#
CoordinateDiv 4.5e-10 3.2e-10 4.1e-20 n/a 1,592,539,501
CoordinateDivMul 4.5e-10 3.2e-10 4.1e-20 n/a 163,968,322
CoordinateSteepest 1.1e-9 8.0e-10 2.5e-19 n/a 2,323,658
GradientDiv 1.1e-5 7.9e-6 2.5e-11 n/a 621,017,650
GradientDivNorm 1.5e-9 1.0e-9 4.6e-19 n/a 118,041
GradientDivMulNorm 1.4e-9 1.0e-9 4.1e-19 n/a 228,111
RosenbrokDiv 7.1e-11 5.0e-11 1.0e-21 n/a 49,731,039
RosenbrokDivMul 1.0e-10 7.5e-11 2.2e-21 n/a 99,695  

Äëÿ ìåòîäîâ Ðîçåíáðîêà êîëè÷åñòâî èòåðàöèé èçìåíèëîñü íàìíî-

ãî ìåíüøå, ÷åì ó ãðàäèåíòíûõ. Â òî æå âðåìÿ óâåëè÷åíèå òî÷íîñòè 

îêàçàëîñü ó íèõ ñàìûì áîëüøèì (òàáë. 3). Ìîæíî ïîíÿòü, ÷òî áîëü-

øóþ ÷àñòü «âðåìåíè», îíè òðàòÿò äàëåêî îò òî÷êè ìèíèìóìà (àíàëî-

ãè÷íî êîîðäèíàòíûì ìåòîäàì ñ äðîáíûì øàãîì, êàê áûëî ïîêàçàíî â 

[1]). Íà äàííîì òåñòå ìåòîä Ðîçåíáðîêà ñ äåëåíèåì è óìíîæåíèåì øà-

ãà îáîãíàë âñå îñòàëüíûå ìåòîäû (õîòÿ ïðåèìóùåñòâî ïî ñðàâíåíèþ ñ 

ãðàäèåíòíûì ìåòîäîì ñ äåëåíèåì øàãà è íåâåëèê). 

Òàáëèöà 4 

Ðåçóëüòàòû ïîèñêà ýêñòðåìóìà äëÿ ôóíêöèè Ðîçåíáðîêà 
 

Algorithm |x-x*| |x-x*|/|x*| |F(x)-F(x*)| |F(x)-F(x*)|/|F(x*)| F() calls#
CoordinateDiv 8.9e-10 6.3e-10 1.6e-19 n/a 1,867,763
CoordinateDivMul 8.9e-10 6.3e-10 1.6e-19 n/a 884,977
CoordinateSteepest 1.0e-9 7.4e-10 2.2e-19 n/a 2,324,240
GradientDiv 8.8e-8 6.2e-8 1.5e-15 n/a 6,987,095
GradientDivNorm 1.5e-9 1.0e-9 4.6e-19 n/a 120,186
GradientDivMulNorm 1.3e-9 9.8e-10 3.8e-19 n/a 230,841
RosenbrokDiv 8.4e-10 5.9e-10 1.4e-19 n/a 44,898
RosenbrokDivMul 5.1e-10 3.6e-10 5.3e-20 n/a 27,077  
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Òåñò 3: ôóíêöèÿ Ðîçåíáðîêà.  

Íà÷àëüíîå ïðèáëèæåíèå 32,12 00 ��� yx , áåñêîíå÷íîñòü — INF 

=1E9, òî÷íîñòü — EPS = 1E-12. 

Åñëè âçÿâ íà÷àëüíóþ òî÷êó áëèæå ê òî÷êå ìèíèìóìà, òî ìåòîäû 

Ðîçåíáðîêà äàþò ëó÷øèå ðåçóëüòàòû ïî ñðàâíåíèþ ñî âñåìè îñòàëü-

íûìè ìåòîäàìè ñ ñóùåñòâåííûì ïåðåâåñîì (òàáë. 4). Òåïåðü âûáåðåì 

òî÷êó åùå áëèæå ê òî÷êå ìèíèìóìà. 

Òåñò 4: ôóíêöèÿ Ðîçåíáðîêà.  

Íà÷àëüíîå ïðèáëèæåíèå 3,3 00 ��� yx , áåñêîíå÷íîñòü — INF 

=1E9, òî÷íîñòü — EPS = 1E-12. 

Òàáëèöà 5 

Ðåçóëüòàòû ïîñêà ýêñòðåìóìà äëÿ ôóíêöèè Ðîçåíáðîêà 
 

Algorithm |x-x*| |x-x*|/|x*| |F(x)-F(x*)| |F(x)-F(x*)|/|F(x*)| F() calls#
CoordinateDiv 1.0e-9 7.2e-10 2.1e-19 n/a 59,634
CoordinateDivMul 1.0e-9 7.2e-10 2.0e-19 n/a 94,006
CoordinateSteepest 1.1e-9 7.9e-10 2.5e-19 n/a 2,323,968
GradientDiv 1.1e-8 8.1e-9 2.6e-17 n/a 987,780
GradientDivNorm 1.5e-9 1.0e-9 4.6e-19 n/a 117,206
GradientDivMulNorm 1.3e-9 9.8e-10 3.8e-19 n/a 225,601
RosenbrokDiv 6.5e-10 4.6e-10 8.4e-20 n/a 38,792
RosenbrokDivMul 4.6e-10 3.2e-10 4.3e-20 n/a 5,434  

Êàê âèäíî (òàáë. 5), âðåìÿ ðàáîòû ìåòîäîâ Ðîçåíáðîêà ñíîâà çíà-

÷èòåëüíî óìåíüøèëîñü. 

Íà òåõ òåñòàõ, íà êîòîðûõ êîîðäèíàòíûå ìåòîäû ñèëüíî ïðîèã-

ðûâàëè, ìåòîäû Ðîçåíáðîêà ñïðàâëÿëèñü íà óðîâíå ñ ãðàäèåíòíûìè 

ìåòîäàìè. Íà òåõ òåñòàõ, ãäå êîîðäèíàòíûå ìåòîäû âûèãðûâàëè ó 

ãðàäèåíòíûõ, ìåòîäû Ðîçåíáðîêà âûèãðàëè ó ãðàäèåíòíûõ ìåòîäîâ 

åùå áîëüøå. Íà âñåõ òåñòàõ ìåòîä ñ äåëåíèåì è óìíîæåíèåì øàãà ðà-

áîòàë ëó÷øå. 

«ÏËÎÕÀß» ÔÓÍÊÖÈß 
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ÂÛÂÎÄÛ 

Ðàññìîòðåíû äâå ðåàëèçàöèè ìåòîäà Ðîçåíáðîêà. Ñõîäèìîñòü 

ýòèõ ìåòîäîâ ïðîòåñòèðîâàíà íà òðåõ ôóíêöèÿõ: «õîðîøåé» (âûïóê-

ëîé), ôóíêöèè Ðîçåíáðîêà ñ ðàçíûìè íà÷àëüíûìè ïðèáëèæåíèÿìè, è 

«ïëîõîé» ôóíêöèè. Ðåçóëüòàòû òåñòèðîâàíèÿ ñðàâíåíû ñ ðåçóëüòàòà-

ìè, ïîëó÷åííûìè â [1]. Â öåëîì ìîæíî ñäåëàòü ñëåäóþùèå âûâîäû: 

(1) äëÿ «õîðîøèõ» ôóíêöèé âñå ìåòîäû ðàáîòàþò äîñòàòî÷íî õîðîøî; 

(2) ðåàëèçàöèÿ ìåòîäà Ðîçåíáðîêà ñ äåëåíèåì è óìíîæåíèåì øàãà â 

ñðåäíåì ðàáîòàåò çíà÷èòåëüíî ëó÷øå; (3) íà âñåõ ïðåäëîæåííûõ ôóí-

êöèÿõ, ìåòîä Ðîçåíáðîêà ñ äåëåíèåì è óìíîæåíèåì øàãà ðàáîòàë äî-

ñòàòî÷íî áûñòðî; (4) ìåòîä Ðîçåíáðîêà ÿâëÿåòñÿ, â íåêîòîðîì ñìûñëå, 

ðàöèîíàëüíûì êîìïðîìèññîì ìåæäó êîîðäèíàòíûì è ãðàäèåíòíûì 

ìåòîäàìè; (5) ìåòîä Ðîçåíáðîêà ÿâëÿåòñÿ ýôôåêòèâíûì è â îòëè÷èå 

îò êîîðäèíàòíîãî è ãðàäèåíòíîãî ìåòîäîâ äîñòàòî÷íî óíèâåðñàëüíûì. 
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