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Ïðîïîíóºòüñÿ ðîçâ’ÿçîê çàäà÷³ ïðî íåñòàö³îíàðí³ êîëèâàííÿ 

ï’ºçîåëåê-òðè÷íîãî ïëîñêîãî øàðó ïðè åëåêòðè÷íîìó çáóðåíí³ 

ìåòîäîì ïîñë³äîâíèõ íàáëèæåíü.  

Äëÿ ðîçâ’ÿçàííÿ çàäà÷ åëåêòðîïðóæíîñò³, ÿê³ ìàþòü ìàëèé 

ïàðàìåòð, âèêëèêàíèé ñëàáêîþ åëåêòðîìåõàí³÷íîþ çâ’ÿçàí³ñòþ 

(ìàë³ñòþ ï’ºçîåëåêòðè÷íèõ ìîäóë³â ije ) çðó÷íî çàñòîñîâóâàòè ìåòîä 

ïîñë³äîâíèõ íàáëèæåíü. Â öüîìó ìåòîä³ åëåêòðè÷í³ òà ìåõàí³÷í³ 

âåëè÷èíè çíàõîäÿòüñÿ â ð³çíèõ íàáëèæåííÿõ ÷åðåç â³äîì³ ç 

ïîïåðåäíüîãî íàáëèæåííÿ çíà÷åííÿ ìåõàí³÷íèõ àáî åëåêòðè÷íèõ 

âåëè÷èí â³äïîâ³äíî.  

Ðîçãëÿäàºòüñÿ ïîëÿðèçîâàíèé ïî òîâùèí³ ï’ºçîåëåêòðè÷íèé 

øàð, êîëèâàííÿ ÿêîãî îïèñóþòüñÿ ñèñòåìîþ ð³âíÿíü 

åëåêòðîïðóæíîñò³ [3] 
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Íà çîâí³øí³õ åëåêòðîäîâàíèõ â³ëüíèõ â³ä ìåõàí³÷íèõ 

íàâàíòàæåíü ïîâåðõíÿõ x h� �  øàðó çàäàºòüñÿ ð³çíèöÿ ïîòåíö³àë³â  

2 ( )V t :  

( , ) ( )h t V t� � � � ;  ( , ) 0x h t� � � .     (3) 

Ïî÷àòêîâ³ óìîâè ïðèéìàºìî íóëüîâèìè: 

( ,0) 0u x � ;  ( ,0) 0u x �� .       (4) 

Â îòðèìàí³é ïî÷àòêîâî-êðàéîâ³é çàäà÷³ (1)-(4) ââîäÿòüñÿ 

áåçðîçì³ðí³ âåëè÷èíè [3]: 

/x x h� , 00 00/( )t t h c�� , /u u h� , 00/ij ij c� �� , 00/� � �� , 
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Íàäàë³ çíàêè áåçðîçì³ðíîñò³ îïóùåí³, âñ³ ðåçóëüòàòè 

ïðåäñòàâëåí³ â áåçðîçì³ðíîìó âèãëÿä³, ïàðàìåòð h  çàëèøåíî äëÿ 

çàãàëüíîñò³ ðîçâ’ÿçêó.  

²íòåãðóþ÷è ð³âíÿííÿ äëÿ åëåêòðè÷íî¿ ³íäóêö³¿, âèçíà÷àºìî 

åëåêòðè÷íèé ïîòåíö³àë ÷åðåç ïåðåì³ùåííÿ  
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Ð³âíÿííÿ ðóõó ïðåäñòàâëÿºòüñÿ â âèãëÿä³ õâèëüîâîãî ð³âíÿííÿ 
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ïðè ïî÷àòêîâèõ óìîâàõ (4) òà ãðàíè÷íèõ óìîâàõ 
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äå 2
1 33 33 33( / ) /c c e 	 �� � – øâèäê³ñòü ïîøèðåííÿ õâèë³ â 

åëåêòðîïðóæíîìó ñåðåäîâèù³ â íàïðÿìêó ïîëÿðèçàö³¿.  

Â íóëüîâîìó íàáëèæåíí³ ìàºìî çàäà÷ó ïðî ðîçïîä³ë ïîòåíö³àëó 

â ä³åëåêòðè÷íîìó ïëîñêîìó øàð³, ðîçâ’ÿçîê ÿêî¿ ìàº âèãëÿä 
(0) ( ) /xV t h� � . 

Íàáëèæåííÿ äëÿ ìåõàí³÷íèõ çì³ííèõ àíòèñèìåòðè÷í³ ïî 

ïåðåì³ùåííÿõ ³ ñèìåòðè÷í³ ïî íàïðóæåííÿõ â³äíîñíî ñåðåäèííî¿ 

ïëîùèíè øàðó. Òàêèì ÷èíîì, â ïåðøîìó íàáëèæåíí³ ìàºìî çàäà÷ó, 

ÿêà îïèñóºòüñÿ õâèëüîâèì ð³âíÿííÿì (6) ïðè íóëüîâèõ ïî÷àòêîâèõ 

óìîâàõ òà ãðàíè÷íèõ óìîâàõ  

(1) (0, ) 0u t � ,  
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Ðîçâ’ÿçîê îòðèìàíî¿ çàäà÷³ øóêàºòüñÿ çà äîïîìîãîþ ìåòîäó 

õàðàêòåðèñòèê [2].  

Â äðóãîìó òà íàñòóïíèõ íàáëèæåííÿõ, äå n – ïàðíå, 

åëåêòðè÷íèé ïîòåíö³àë âèçíà÷àºòüñÿ çà ôîðìóëîþ, ùî âèïëèâàº ç (5): 
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Ïåðåì³ùåííÿ â íåïàðíèõ íàáëèæåííÿõ 3,5,7...n �  çíàõîäÿòüñÿ 

ç ð³âíÿííÿ (6) ïðè íóëüîâèõ ïî÷àòêîâèõ óìîâàõ òà ãðàíè÷íèõ óìîâàõ 

(7), ùî âðàõîâóþòü (9): 
( ) (0, ) 0nu t � ,

2( ) ( 2)
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Ìåõàí³÷í³ íàïðóæåííÿ çíàõîäÿòüñÿ çà äîïîìîãîþ âèðàçó 
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Ê³ëüê³ñòü íåîáõ³äíèõ íàáëèæåíü ìåòîäó ïîñë³äîâíèõ íàáëèæåíü 

çàëåæèòü â³ä âåëè÷èíè ï’ºçîåëåêòðè÷íèõ ìîäóë³â òà ÷àñîâîãî 

³íòåðâàëó.  

Ïðîâåäåìî àíàë³ç åëåêòðîìåõàí³÷íîãî ñòàíó ï’ºçîåëåêòðè÷íîãî øàðó 

ïðè áåçðîçì³ðíèõ ñòàëèõ 33 0.3e � , 33 1c � , 1� � , 33 1	 � . Àíàëîã³÷íî 

äî [1] ðîçãëÿíåìî ðàïòîâî ïðèêëàäåíó ïîñò³éíó åëåêòðè÷íó íàïðóãó 

0( ) ( )V t V H t� , 0 1V � , äå ( )H t 
 ôóíêö³ÿ Õåâ³ñàéäà.  

Ðèñ. 1 òà ðèñ. 2 

³ëþñòðóþòü çì³íó 

ìåõàí³÷íèõ ïåðåì³ùåíü òà 

íàïðóæåíü â ð³çíèõ 

òî÷êàõ ïåðåð³çó 

â³äïîâ³äíî, îòðèìàí³ â 

ñüîìîìó íàáëèæåíí³ 

ìåòîäó. 

Ç ìîìåíòó ïðèêëàäàííÿ 

íàâàíòàæåííÿ â³ä â³ëüíèõ 

ïîâåðõîíü ïî÷èíàþòü 

ïîøèðþâàòèñÿ õâèë³ 

ïåðåì³ùåíü ç³ øâèäê³ñòþ 

1c . Åëåêòðîìåõàí³÷íèé 

ñòàí ò³ëà çì³íþºòüñÿ 

ïåð³îäè÷íî. Ìàêñèìàëüí³ 

ïåðåì³ùåííÿ max 0.6u �  

âèíèêàþòü íà ïåðøîìó 

³íòåðâàë³, íàäàë³ ÷³òê³ñòü 
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çëîì³â òà àìïë³òóäà êîëèâàíü êðèâèõ ïåðåì³ùåíü çìåíøóºòüñÿ. 

Ïîòð³áíî â³äì³òèòè, ùî íàïðóæåííÿ â ïåðåð³ç³ øàðó âèíèêàþòü 

ìèòòºâî, ³ äî ìîìåíòó ïðèõîäó â öþ òî÷êó ïåðåì³ùåíü ç â³ëüíèõ 

ïîâåðõîíü ïîâí³ñòþ âèçíà÷àþòüñÿ åëåêòðè÷íèì ïîòåíö³àëîì. Íà 

êðèâèõ ìåõàí³÷íèõ íàïðóæåíü òà ïåðåì³ùåíü â îêîë³ ê³ëüêîõ ïåðøèõ 

ñòðèáê³â ñïîñòåð³ãàþòüñÿ ãîðèçîíòàëüí³ ä³ëÿíêè, ÿê³ íàäàë³ ñòàþòü 

ïîõèëèìè. Åêñòðåìóìè êðèâèõ ïåðåì³ùåíü ç ÷àñîì çìåíøóþòüñÿ, òîä³ 

ÿê íàïðóæåííÿ çðîñòàþòü.  
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