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Ââåäåíèå. Îäíèì èç íàïðàâëåíèé òåîðèè ïðèáëèæåíèé ÿâëÿåòñÿ 

èçó÷åíèå ìåòîäîâ ïðèáëèæåíèÿ èíòåãðàëîâ. Íàèáîëåå 

ðàñïðîñòðàíåííûìè â ïðèëîæåíèÿõ ÿâëÿþòñÿ êâàäðàòóðíûå 

ôîðìóëû, ïîçâîëÿþùèå ïðèáëèæåííî íàõîäèòü çíà÷åíèå èíòåãðàëà â 

âèäå ëèíåéíîé êîìáèíàöèè íåñêîëüêèõ çíà÷åíèé ôóíêöèè: 
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f x dx c f x
�

� �� . Ïðè ýòîì ôóíêöèÿ f  ïðèíàäëåæèò íåêîòîðîìó 

êëàññó ôóíêöèé. Ýêñòðåìàëüíàÿ çàäà÷à òåîðèè êâàäðàòóð ñîñòîèò â 

îòûñêàíèè íàèëó÷øåé äëÿ çàäàííîãî êëàññà ôóíêöèé êâàäðàòóðíîé 

ôîðìóëû è âû÷èñëåíèè å¸ ïîãðåøíîñòè. Îáùàÿ ïîñòàíîâêà 

ýêñòðåìàëüíîé çàäà÷è òåîðèè êâàäðàòóð è ïåðâûå  îñíîâîïîëàãàþùèå 

ðåçóëüòàòû ïðèíàäëåæàò Ñ.Ì. Íèêîëüñêîìó è À.Í. Êîëìîãîðîâó. 

Ðåøåíèþ òàêèõ çàäà÷ äëÿ ðàçëè÷íûõ êëàññîâ ôóíêöèé ïîñâÿùåíî 

áîëüøîå êîëè÷åñòâî ðàáîò (ñì., íàïðèìåð, [1]-[4] è áèáëèîãðàôèþ ê 

íèì). 

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ êëàññû ôóíêöèé 1
rW H�  

( 1,2,...)r � , ïðåäñòàâëÿþùèå ñîáîé ìíîæåñòâî 2� -ïåðèîäè÷åñêèõ 
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íåïðåðûâíîñòè. Áóäåì ðàññìàòðèâàòü êâàäðàòóðíûå ôîðìóëû âèäà  
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êâàäðàòóðíîé ôîðìóëû (1). Ïîãðåøíîñòüþ êâàäðàòóðíîé ôîðìóëû (1) 

íà êëàññå �  íàçûâàþò âåëè÷èíó 

� � � �, , , ,supn n n n n n
f

R c x R f c x
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nc
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íàçûâàåòñÿ îïòèìàëüíîé íà êëàññå � , åñëè 
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,
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Äëÿ 1,3,5,...r � , 1,2,...n �  è ëþáîãî âûïóêëîãî ââåðõ ìîäóëÿ 

íåïðåðûâíîñòè ( )t�  â � �5  íàéäåíà ïîãðåøíîñòü ôîðìóëû 

ïðÿìîóãîëüíèêîâ 
� �� �� �n

k2
n

2
1

r
n ,,HWR ���

 è äîêàçàíî, ÷òî îíà ÿâëÿåòñÿ 

íàèëó÷øåé äëÿ êëàññà 1
1W H� . Â � �6 , � �7  äëÿ ëþáîãî âûïóêëîãî ( )t�  

äîêàçàíî, ÷òî íàèëó÷øåé äëÿ êëàññîâ 2
1W H�  è 3

1W H�  ÿâëÿåòñÿ 

ôîðìóëà ïðÿìîóãîëüíèêîâ. 

Â íàñòîÿùåé ðàáîòå äëÿ ,...8,6,4r � , 1,2,...n �  è âûïóêëîãî ââåðõ 

ìîäóëÿ íåïðåðûâíîñòè )t(�  íàéäåíà ïîãðåøíîñòü ôîðìóëû 

ïðÿìîóãîëüíèêîâ íà êëàññå 1
rW H� . 

Âñïîìîãàòåëüíûå ðåçóëüòàòû. 

Ëåììà 1. Ïóñòü  0 /h n�� � , 1/ ... /kn t t n h� �	 � � � � 	 . Òîãäà 

äëÿ ëþáîé ÷åòíîé 2 /n� -ïåðèîäè÷åñêîé ôóíêöèè 1f L
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Ëåììà 1 ÿâëÿåòñÿ î÷åâèäíûì ñëåäñòâèåì ëåììû 1 â � �5 . 
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Ïðè êàæäîì 1,2,...n � , 1,2,...r �  îáîçíà÷èì 

� �( 1) /2 1

, ( ) ( 1) ( )r

n r rg t D nt� �� 	 , ãäå � �...  - öåëàÿ ÷àñòü ÷èñëà, 

1

( ) cos( /2)r
r
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D t m mt r�
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�
� 	�  - ôóíêöèÿ Áåðíóëëè. 

Ëåììà 2. Ïóñòü ...,2,1n �  ,  ...,7,5,3r �  . Ñïðàâåäëèâû ñëåäóþùèå 

íåðàâåíñòâà 
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, 
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1
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t
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, (7) 

ãäå � �0, /(2 )n� �
  - íóëü ôóíêöèè 4( )D nt . 

Äîêàçàòåëüñòâî. ßñíî, ÷òî 1
, , ,( ) ( / ) 2 (2 ) 0r
n r n r n rg t g n t g t� 		 	 � �  

äëÿ âñåõ � �0, /(2 )t n�
 , îòêóäà, ïðèíèìàÿ âî âíèìàíèå ñâîéñòâà 

ôóíêöèé Áåðíóëëè (ñì., íàïðèìåð, [8, ñòð. 59-60]), ïîëó÷àåì (5). 

Äàëåå, êàê ïîêàçàíî â [9], ïðè ëþáîì 1,2,...s �  
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0

( ) 2 2
4

s
s sD t t� �

�

� �
�

	
	

�
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, 5,7,9,...r � . Íåðàâåíñòâî (7) ìîæåò áûòü äîêàçàíî 

íåïîñðåäñòâåííîé ïðîâåðêîé. 
Îñíîâíûå ðåçóëüòàòû. 

Òåîðåìà. Ïóñòü 1,2,...n � , 4,6,8,...r � . Äëÿ ëþáîãî âûïóêëîãî 

ââåðõ ìîäóëÿ íåïðåðûâíîñòè ( )t�  
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2
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ãäå � �0, /n& �
  - íóëü ôóíêöèè Áåðíóëëè ( )rD nt . 

Äîêàçàòåëüñòâî. Â ñèëó òåîðåìû 1.2.1 [10, ñòð.19],  
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Òàêèì îáðàçîì, äîêàçàòåëüñòâî òåîðåìû ñâîäèòñÿ ê 

äîêàçàòåëüñòâó íåðàâåíñòâà 
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( ) ( ) ( , ) ( )n r n rf t g t dt f t g t dt
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äëÿ ëþáîé 2 /n� -ïåðèîäè÷åñêîé ôóíêöèè 1( )f t H�
 . Ðàññóæäàÿ 

àíàëîãè÷íî [11, ëåììà 2], ïîëó÷àåì íåðàâåíñòâî 
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( ) sup (( ) ( ) ( ) ( )) /( ),
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� � � �* *( ) 2 /(2 ) ((2 ) / ) /(2 )L t F n n F n t� � �� 	 ,

� �[ / , / ] : ( ) ( ) 0H t n n L t F t� & �� 
 	 	 . . 

Â ñëó÷àå, êîãäà /n H� &	 / , äîêàçàòåëüñòâî (8) àíàëîãè÷íî 

[11]. Ïóñòü /n H� &	 
 . Âîçìîæíû 3 ñëó÷àÿ 

(0, / ) : ( ) ( ) 0d n L t F t� &0 
 	 	 .  ïðè ( , / )t d n�
  è ( ) ( )F d L d� . 

[ /(2 ), / ), ( / , / ) : ( ) ( ) ( ) ( ) 0n n n n F L F L1 � � & 2 � & � 1 1 2 20 
 	 
 	 	 � 	 �
è ( ) ( ) 0L t F t	 .  äëÿ âñåõ ( , )t 1 2
 . 
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[0, /(2 )), ( / , / ) :n n n1 � 2 � & �0 
 
 	 ( ) ( ), ( ) ( )F F F F1 1 2 2+ +� � ,

( , )t 1 23 
  ( ) ( )F t F t+� . 

Â ñëó÷àå (I) (8) ñëåäóåò èç (9) è (3) (ïîëàãàåì 1k � , h t� , 

1t d� ). Ïóñòü âûïîëíåíû óñëîâèÿ (II) èëè (III). Ïðåäñòàâèì 

ìíîæåñòâî � �, /H n2 ��  â âèäå îáúåäèíåíèÿ êîíå÷íîé èëè ñ÷åòíîé 

ñèñòåìû ïîïàðíî íåïåðåñåêàþùèõñÿ èíòåðâàëîâ ( , )i i
i J

1 2


� , è ïðè 

êàæäîì � �0,t &
  îöåíèì ñâåðõó ( ) ( / )F t F n t�� 	  ñ ïîìîùüþ ëåììû 1, 

âêëþ÷àÿ â ñîâîêóïíîñòü ïðîìåæóòêîâ èíòåãðèðîâàíèÿ � �, 2i i t1 1 �  è 

� �2 ,i it2 2	 , åñëè 2i i t2 1	 � ; � �, 2i i t1 1 � , åñëè / ( ) /2i i in t1 � 1 2� 	  � ; 

� �2 / 2 ,2 /i in t n� 2 � 2	 	 	 , åñëè ( ) /2 /i i in t1 2 � 2� � 	 � ; � �, 2t1 1 �  è 

� �2 ,t2 2	 , åñëè 2t2 1	 � ; � �,2t1 1	 	 , åñëè � �min ,( ) /2t1 & 1 2�  �  è 

ëèáî 2 ( , / )t n1 & � &	 / 	 , ëèáî (2 ) (2 ) 2 ( ) 2 ( )F t F t F t F t1 1+ +	 	 	 � 	 ; 

� �, 2t1 1 �  åñëè / ( ) /2n t� 1 2	  � ; � �2 / 2 ,2 /n t n� 2 � 2	 	 	 , åñëè 

( ) /2 /n t1 2 � 2� � 	 �  è ëèáî (2 / 2 ) 2 ( / ),n t n t4 � 2 4 �	 	 � 	  ëèáî 

2 / 2 ( , / )n t n� 2 & � &	 	 / 	 , ãäå ( ) ( ) ( )t L t F t4 � 	 . Ïðè ýòîì åñëè ïðè 

íåêîòîðîì t  íå áûëî âûáðàíî íè îäíîãî ïðîìåæóòêà, òî äëÿ òàêèõ t  

ïðèìåíÿåì (2), åñëè âûáðàí ïðîìåæóòîê � �,2t1 1	 	 , òî ïðèìåíÿåì 

(4), åñëè æå íè îäèí èç âûáðàííûõ ïðîìåæóòêîâ íå ñîäåðæèò íóëÿ, 

òî èñïîëüçóåì îöåíêó (3). Â ñëó÷àå (II), ïðèìåíÿÿ (5), ïîñëå 

ïðåîáðàçîâàíèé, àíàëîãè÷íûõ [11], ïîëó÷àåì 

�
( / ) /22

, , 1 , 1
0 0 ( ) /2

( ) ( ) (2 ) ( ) 2 2 ( / ) ( )
n

n r r n r n rf t g t dt t D nt dt n g n t g t
& � & 2�

1 2

� �
	 �

	 	
�

' � 	 	 	� � �

�, 1 , 1

1
2 ( ) 4 (2 ) min (2 ), ( )

2n r n rg t g t t t dt2 2 4 2 4	 	

( 5	 	 	 	 , 	) 6
* 7

. 

Â ñèëó ëåììû 2 ïðè ëþáîì � �( ) /2,( / ) /2t n1 2 � & 2
 � 	 �  

, 1 , 1 , 1 , 1 , 12 ( / ) ( ) 2 ( ) 4 (2 ) 2 ( )n r n r n r n r n rg n t g t g t g t g t� 2 2	 	 	 	 		 	 	 	 	 	  	  

, 1 , 12 (2 ) 2 ( ) 0n r n rg t g t2 2	 		 	 	 	  , îòêóäà ñëåäóåò (8). 

Â ñëó÷àå (III) äëÿ äîêàçàòåëüñòâà (8) èíòåãðàëû ïî 

ïðîìåæóòêàì, íå èìåþùèì îáùèõ òî÷åê ñ � �,1 2 , ïðåîáðàçóåì 

àíàëîãè÷íî [11], ïðèìåíÿÿ ïðè ýòîì (5), à îñòàëüíûå èíòåãðàëû 

îöåíèâàåì ñ ïîìîùüþ (5) è ëåììû 2.  
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Âûâîäû 

Â íàñòîÿùåé ðàáîòå íàéäåíà ïîãðåøíîñòü ôîðìóëû 

ïðÿìîóãîëüíèêîâ íà êëàññå 1
rW H� ïðè 4,6,8,...r �  è ëþáîì âûïóêëîì 

ìîäóëå íåïðåðûâíîñòè ( )t� . Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü 

èñïîëüçîâàíû äëÿ ðåøåíèÿ ýêñòðåìàëüíîé çàäà÷è òåîðèè êâàäðàòóð 

íà êëàññàõ 1
rW H� . 
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