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ÏÐÎ ÇÀÑÒÎÑÓÂÀÍÍß ÌÅÒÎÄÓ ÕÀÐÀÊÒÅÐÈÑÒÈÊ ÏÐÈ 

ÄÎÑË²ÄÆÅÍÍ² ÅËÅÊÒÐÎÌÅÕÀÍ²×ÍÈÕ ÍÅÑÒÀÖ²ÎÍÀÐÍÈÕ 

ÊÎËÈÂÀÍÜ Ï’ªÇÎÊÅÐÀÌ²×ÍÎÃÎ ØÀÐÓ ÏÐÈ 

ÅËÅÊÒÐÈ×ÍÎÌÓ ÍÀÂÀÍÒÀÆÅÍÍ²  

Â äàí³é ðîáîò³ ìåòîäîì õàðàêòåðèñòèê ïîáóäîâàíî àíàë³òè÷íèé 

ðîçâ’ÿçîê çàäà÷³ ïðî òîâùèíí³ êîëèâàííÿ ïëîñêîãî ï’ºçîêåðàì³÷íîãî 

øàðó ïðè íåñòàö³îíàðíèõ åëåêòðè÷íèõ íàâàíòàæåííÿõ. Äëÿ 

ðîçâ’ÿçàííÿ äèôåðåíö³àëüíîãî ð³âíÿííÿ äëÿ ïðîäîâæåííÿ ôóíêö³é 

ðîçâ’ÿçêó âèêîðèñòîâóºòüñÿ ÷èñåëüíèé ìåòîä, ùî äîçâîëÿº ñóòòºâî 

çá³ëüøèòè ³íòåðâàë ðîçâ’ÿçêó ïî ÷àñîâ³é êîîðäèíàò³. 

Êîëèâàííÿ ïîëÿðèçîâàíîãî ïî òîâùèí³ ï’ºçîêåðàì³÷íîãî øàðó 

òîâùèíîþ h2  îïèñóþòüñÿ ð³âíÿííÿì ðóõó òà ð³âíÿííÿì Ãàóñà [3] 
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Íà çîâí³øí³õ åëåêòðîäîâàíèõ â³ëüíèõ â³ä ìåõàí³÷íèõ 

íàâàíòàæåíü ïîâåðõîíü hx )"  çàäàºòüñÿ ð³çíèöÿ åëåêòðè÷íîãî 

ïîòåíö³àëó )(2 tV : 
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# . (3) 
Ïî÷àòêîâ³ óìîâè äëÿ ïåðåì³ùåíü òà ¿õ øâèäêîñòåé ïðèéìàºìî 

íóëüîâèìè: 

 0)0,( ""txu ; 0)0,( ""txu . (4) 
Äèôåðåíö³àëüí³ ð³âíÿííÿ (1) ç âðàõóâàííÿì ìàòåð³àëüíèõ 

ñï³ââ³äíîøåíü (2) ìîæíà çâåñòè äî ð³âíÿíü  
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åëåêòðîïðóæíî¿ õâèë³ â íàïðÿìêó ïîëÿðèçàö³¿ . 
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²íòåãðóþ÷è (6) ïðè åëåêòðè÷íèõ ãðàíè÷íèõ óìîâàõ ç (3), 

îòðèìóºìî âèðàç äëÿ åëåêòðè÷íîãî ïîòåíö³àëó ÷åðåç ïåðåì³ùåííÿ 
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Ç (2) ç âðàõóâàííÿì (7) ìàºìî âèðàç äëÿ ìåõàí³÷íèõ íàïðóæåíü: 
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Åëåêòðè÷íà ³íäóêö³ÿ ïîñò³éíà ïî òîâùèí³ øàðó ³ âèçíà÷àºòüñÿ 

âèðàçîì  
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Â ñï³ââ³äíîøåííÿõ (1)-(9) ââîäÿòüñÿ áåçðîçì³ðí³ âåëè÷èíè [3] 
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$" – íîðìóþ÷³ âåëè÷èíè. 

Äëÿ çàãàëüíîñò³ ðîçâ’ÿçêó ïàðàìåòð h  íå âèêëþ÷àºìî, à ïðèéìàºìî 

1"h . Íàäàë³ çíàêè áåçðîçì³ðíîñò³ îïóùåí³, ³ âñ³ ðåçóëüòàòè 

ïðåäñòàâëåí³ â áåçðîçì³ðíîìó âèãëÿä³.  

Òàê ÿê â çàäà÷³ (1)–(4) ìåõàí³÷í³ ïåðåì³ùåííÿ àíòèñèìåòðè÷í³, à 

íàïðóæåííÿ ñèìåòðè÷í³ â³äíîñíî ñåðåäèííî¿ ïëîùèíè, òî ðîçâ’ÿçîê 

áóäåìî øóêàòè â îáëàñò³ ],0[ hx0  ïðè ãðàíè÷íèõ óìîâàõ  

0),0( "tu ; 

 0)(),(),( 33

33

2

33

33

2

33

33
"%"'"

!
!

**
+

,
--
.

/
% tV

h

e
thxu

h

e
thx

x

ue
c

S((
. (11) 

Òàêèì ÷èíîì, çàäà÷à (1)–(4) çâåëàñü äî çàäà÷³ (5) (11) ïðè 

ïî÷àòêîâèõ óìîâàõ (4). Çàãàëüíèé ðîçâ’ÿçîê õâèëüîâîãî ð³âíÿííÿ (5) 

ïðåäñòàâëÿºòüñÿ [2] ôîðìóëîþ Äàëàìáåðà  

 )()(),(
11

xtcgxtcftxu '%%" , (12) 

äå )(1f , )(1g – äîâ³ëüí³ ôóíêö³¿. Ï³äñòàâëÿþ÷è (12) â ïåðøó 

ãðàíè÷íó óìîâó ç (11), âèðàæàºìî îäíó øóêàíó ôóíêö³þ ÷åðåç ³íøó: 
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Òåïåð ïåðåì³ùåííÿ áóäåìî øóêàòè â âèãëÿä³ 
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11
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Ç ïî÷àòêîâèõ óìîâ 

0)()( "'' xfxf    0)()( "'3%32 xfxf  ïðè  ],0[ hx0 . 
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 2 0)( "" constzf   ïðè  ],[ hhz '0 . (14) 
Äðóãà ãðàíè÷íà óìîâà (10) ç âðàõóâàííÿì (13) ïðèéìàº âèãëÿä 
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1

/)( chzt '" , òî äèôåðåíö³àëüíå ð³âíÿííÿ (15) äëÿ 

âèçíà÷åííÿ ôóíêö³¿ )(zf  ïðè hz 4  ïðèéìàº âèãëÿä: 

 )/)(()2()2()()(
1
chzbVhzfahzfzfazf '''''3'"'3 . (16) 

²íòåãðóþ÷è ð³âíÿííÿ (16) ïî ä³ëÿíêàõ hnzhn )12()12( %56' , 

çíàõîäèìî ôóíêö³þ )(zf  íà èíòåðâàë³ ],[
1

hTchz %0 , äå T ' äîâæèíà 

³íòåðâàëó ÷àñó, ùî ðîçãëÿäàºòüñÿ. Ìåõàí³÷í³ ïåðåì³ùåííÿ 

çíàõîäÿòüñÿ çà (13), åëåêòðè÷íèé ïîòåíö³àë, ìåõàí³÷í³ íàïðóæåííÿ ³ 

åëåêòðè÷íó ³íäóêö³þ' çà (7)-(9) â³äïîâ³äíî. 

Àíàë³òè÷íèé ðîçâ’ÿçîê çâè÷àéíîãî íåîäíîð³äíîãî 

äèôåðåíö³àëüíîãî ð³âíÿííÿ ïåðøîãî ïîðÿäêó (16) ïðè êîíêðåòíèõ 

ôóíêö³ÿõ íàâàíòàæåííÿ º äîñèòü òðóäîºìíèì çàâäàííÿì, ùî 

ïîâ’ÿçàíî ç ñóòòºâèì óñêëàäíåííÿì ïðàâî¿ ÷àñòèíè ð³âíÿííÿ ç 

çðîñòàííÿì ³íòåðâàëó ÷àñó, ùî ðîçãëÿäàºòüñÿ. Çàñòîñóâàííÿ ìåòîäó 

ïîñë³äîâíèõ íàáëèæåíü äî ðîçãëÿäàííÿ êîëèâàíü ï’ºçîêåðàì³÷íèõ ò³ë 

óñêëàäíåíî íåîáõ³äí³ñòþ âèêîðèñòàííÿ âåëèêî¿ ê³ëüêîñò³ íàáëèæåíü. 

Òàêèì ÷èíîì, îïòèìàëüíèì ñïîñîáîì çíàõîäæåííÿ ðîçâ’ÿçêó íà 

äîñèòü âåëèêèõ ³íòåðâàëàõ ÷àñó ïðè äîâ³ëüíèõ íàâàíòàæåííÿõ º 

÷èñåëüíå ³íòåãðóâàííÿ ð³âíÿííÿ (16). Äëÿ öüîãî ââåäåìî ðîçáèòòÿ 

³íòåðâàëó ])12(,[ hnhz ''0 ,  äå n  ' íàéìåíøå ö³ëå ÷èñëî, ùî 

çàäîâîëüíÿº íåð³âí³ñòü hnhTc )12(
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 ñõåìîþ. Òàê ÿê ïðåäñòàâëåí³ ìåòîäè ìàþòü 

ïåðøèé ïîðÿäîê òî÷íîñò³, äëÿ äîñòàòíüî¿ òî÷íîñò³ îá÷èñëåíü îáîìà 

ìåòîäàìè âèáèðàºìî äîñèòü âåëèêó ê³ëüê³ñòü òî÷îê ðîçáèòòÿ, 

íàïðèêëàä, 50"k . 



4 (57) 2008 “Ñèñòåìíûå òåõíîëîãèè” 

80  ISSN 1562-9945 

Â ÿêîñò³ ïðèêëàäó ðîçãëÿäàºòüñÿ ï’ºçîêåðàì³÷íèé øàð ç 

êåðàì³êè PZT-4 [3], ÿêîìó â³äïîâ³äàþòü áåçðîçì³ðí³ ñòàë³ 59.0
33

"e , 

1
33

"c , 1"$ , 1
33

"( . Äî çîâí³øí³õ åëåêòðîäîâàíèõ ïîâåðõîíü øàðó 

ìèòòºâî ïðèêëàäàºòüñÿ ïîñò³éíèé åëåêòðè÷íèé ïîòåíö³àë 

)()(
0
tHVtV " , 1

0
"V , äå )(tH ' ôóíêö³ÿ Õåâ³ñàéäà.  

Ðèñ. 1 ³ëþñòðóº çì³íó ïåðåì³ùåíü íà çîâí³øí³é ïîâåðõí³ 1'"x  

(à) òà çì³íó ìåõàí³÷íèõ íàïðóæåíü â ñåðåäèíí³é ïîâåðõí³ 0"x  (á) íà 

³íòåðâàë³ ]60,0[0t , ùî º çíà÷íî á³ëüøèì çà ³íòåðâàë ÷àñó, ùî 

ðîçãëÿäàºòüñÿ â [1]. 

 

Ðèñóíîê 1 

Áà÷èìî, ùî íà ðîçãëÿíóòîìó ³íòåðâàë³ àìïë³òóäà êðèâèõ 

ïåðåì³ùåíü çì³íþºòüñÿ ìàéæå íà 40%, ïðè ÷îìó ìàêñèìàëüí³ 

ïåðåì³ùåííÿ âèíèêàþòü ïðè 404t . Çì³íà íàïðóæåíü â ÷àñ³ á³ëüø 

çíà÷íà, ³ ìàêñèìàëüí³ ñòèñêóþ÷³ íàïðóæåííÿ 2.2
max

"
x

#  âèíèêàþòü 

ïðè 37"t . 

Ïðè ïåðåõîä³ äî ðîçì³ðíèõ çì³ííèõ íåîáõ³äíî âðàõîâóâàòè, ùî 

êîåô³ö³ºíò íàâàíòàæåííÿ íå ïîâèíåí ïåðåâèùóâàòè áåçðîçì³ðíîãî 

çíà÷åííÿ  
4

0
10'"V . Ïðè òàêîìó êîåô³ö³ºíò³ ìàêñèìàëüí³ ðîçì³ðí³ 

çíà÷åííÿ ìåõàí³÷íèõ íàïðóæåíü äîñÿãàþòü  !"58.30
max

"# , à 
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â³äïîâ³äí³ ¿ì ìàêñèìàëüí³ ïåðåì³ùåííÿ â øàð³ òîâùèíîþ ##h 22 "  

ð³âí³ ##u -4

max
1035.1 1" . Ðîçãëÿíóòî ³íòåðâàë ÷àñó ct 41053.10 '166 . 
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